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a2nx
2n + a2n−1x

2n−1 + . . .

+ an+1x
n+1 + anx

n + . . .

+ a1x + a0 = 0, (1)

���� �� a0" a1" . . . " an−1" an" an+1" . . . " a2n−1"

a2n ∈ R \ {0} �� � � ������ ������� � ����� �� ��
����� ����� � � ���� � ��� ��� � �� �����

a0

a2n
=  n,

a1

a2n−1
=  n−1, . . . ,

an−1

an+1
=  ,

 ∈ R \ {0}. (2)

( � ��� ����� ����� ����� � �� � � �� �� �� ����� ����� � � 

����� � � � xn�; ���� ����� !	# � �� �� � ����

a2nx
n + a2n−1x

n−1 + . . .

+ an+1x + an + . . .

+ a1
1

xn−1
+ a0

1
xn

= 0,
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a2n

(
xn +

 n

xn

)
+ a2n−1

(
xn−1 +

 n−1

xn−1

)
+ . . .

+ an+1

(
x +


x

)
+ an = 0. (3)

4�� � ������� x +

x

= t ����� ����� !�# � ���� �

�� ����� ����� n ��� ���� ��� ���� ������ ��
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4x4 − 6x3 + 6x2 − 3x + 1 = 0.
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1
4

=
(1

2

)2


−3
−6

=
1
2
"

��� =
1
2
�; ���� ����� � ������ � � � x2

4x2 − 6x + 6 − 3
x

+
1
x2

= 0,

���� �� � �

4
(
x2 +

1
4

x2

)
− 6
(
x +

1
2

x

)
+ 6 = 0,

�� ������ � ��� � ������

t = x +
1
2

x

∣∣∣∣∣
2

t2 = x2 + 2x
1
2

x
+

1
4

x2

t2 − 1 = x2 +
1
4

x2
.

�� �� ����� ����� � ���� �� ����

4(t2 − 1) − 6t + 6 = 0.

* ���� ���� ��� ����� ����� ��

t1 = 1, t2 =
1
2
,

��� ��� ����� � �

x +
1
2

x
= 1

2x2 − 2x + 1 = 0

x1,2 =
1
2
± 1

2
i,

��

x +
1
2

x
=

1
2

2x2 − x + 1 = 0

x3,4 =
1
4
±

√
7

4
i.
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a2n+1x
2n+1 + a2nx

2n + . . .

+ an+1x
n+1 + anx

n + . . .

+ a1x + a0 = 0, (4)

���� �� a0" a1" . . . " an−1" an" an+1" . . . " a2n"

a2n+1 ∈ R \ {0} �� � � ������ ������� � ����� �� ��
����� ����� ��� � ���� � ��� ��� � �� �����

a0

a2n+1
=  2n+1,

a1

a2n
=  2n−1, . . . ,

an

an+1
=  ,

 ∈ R \ {0} (5)

; ���� ����� !9# � � �� � ����� � �� � � � �� �����

a2n+1x
2n+1 + a2nx

2n + . . .

+ an+1x
n+1 + an+1x

n + . . .

+  2n−1a2nx +  2n+1a2n+1 = 0.
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a2n+1(x2n+1 +  2n+1)

+ a2nx(x2n−1 +  2n−1) + . . .

+ an+1x
2(x +  ) = 0.

��� ����� 8��� ����� �����
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an ± bn = (a ± b)(an−1 ∓ an−2b + an−3b2

∓ . . . ∓ abn−2 + bn−1)

��� � �� �� � �� ���� � � �� ��� ������� � � (x +  )
�� �� ��� ���� �� ����� ����� ���� x = −�
������� �� * ��������� �����

x3 − 2x2 + 4x − 8 = 0.
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−8
1

=
(−2

1

)3


4
−2

=

−2
1
�D ��� �� ���� ����� � �

(x3 − 8) − 2x(x − 2) = 0

(x − 2)(x2 + 2x + 4) − 2x(x − 2) = 0

(x − 2)(x2 + 4) = 0,

� ����� ������ ����� ���� x1 = 2"x2,3 = ±2i�
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x3 − 4x2 − 16x + 64 = 0.
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(x3 + 43) − 4x(x + 4) = 0

�� �� 8� ������� � �

(x + 4)(x2 − 4x + 16 − 4x) = 0

����� � � ����� ����

x1 = −4, x2,3 = 4.

�
�
�
� �� � ��������� ���� ����� �����

x4 + 4x3 − 2x2 − 12x + 9 = 0.

�	
��
�	
� ; ���� ����� ����� � � � x2 ���� �� � �

� ��� � ���3������ �

x4 + 4x3 − 2x2 − 12x + 9 = 0
∣∣ : x2

x2 + 4x − 2 − 12
x

+
9
x2

= 0(
x2 +

9
x2

)
+ 4
(
x − 3

x

)
− 2 = 0.

%���� � ��� ���� ��� t"�� ������ � ������� ��� 
�� �����

t = x − 3
x

=⇒ t2 = x2 − 6 +
9
x2

=⇒ x2 +
9
x2

= t2 + 6,

t2 + 6 + 4t − 2 = 0

t1,2 = −2

)� ������� ����� ���� � ������ ��� �� � ��� ���� � 

�� x ������ � ����� ����

x − 3
x

= −2 =⇒ x2 + 2x − 3 = 0

=⇒ x1,2 = −3, x3,4 = 1.

�
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160x5 + 16x4 + 6x3 + 3x2 + 2x + 5 = 0.

�	
��
�	
� %���� � ���� ���3����� ��

5
160

=
(1

2

)5

,
2
16

=
(1

2

)3

,
3
6

=
1
2
.
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160x5 + 16x4 + 6x3 + 3x2 + 2x + 5 = 0

5(32x5 + 1) + 2x(8x3 + 1) + 3x2(2x + 1) = 0

5(2x + 1)(16x4 − 8x3 + 4x2 − 2x + 1)

+ 2x(2x + 1)(4x2 − 2x + 1)

+ 3x2(2x + 1) = 0

(2x + 1)(80x4 − 32x3 + 19x2 − 8x + 5) = 0.

'� � ������ ����� ����� �� �� �� ������� ����� ����

x1 = −1
2
" � �� �� �� ����� ���� ����� � � � � ���� 

�� �� � ������� ������� ����� ����� ��������� � ��� ���

80x4 − 32x3 + 19x2 − 8x + 5 = 0 ���� ����� � �� � �
���������� � � x2�

80x4 − 32x3 + 19x2 − 8x + 5 = 0
∣∣ : x2

80x2 − 32x + 19 − 8
1
x

+ 5
1
x2

= 0

80
(
x2 +

1
16

x2

)
− 32

(
x +

1
4

x

)
+ 19 = 0

t = x +

1
4
x

=⇒ t2 = x2 +
1
2

+

1
16
x2

=⇒ x2 +
1
16

x2
= t2 − 1

2

80
(
t2 − 1

2

)
− 32t + 19 = 0

t1 =
3
4
, t2 = − 7

20

x +
1
4

x
=

3
4

=⇒ 4x2 − 3x + 1 = 0

=⇒ x1,2 =
3 ±√

7i
8

x +
1
4

x
= − 7

20
=⇒ 20x2 + 7x + 5 = 0

=⇒ x3,4 =
−7 ± 3

√
39i

40
.
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4x6 + 18x5 − 16x
4 − 102x3

+ 32x2 + 72x − 32 = 0.

�	
��
�	
�

4x6 + 18x5 − 16x
4 − 102x3

+32x2 + 72x − 32
∣∣ : x3

4x3 + 18x2 − 16x − 102 +
32
x

+
72
x2

− 32
x3

= 0

4
(
x3 − 8

x3

)
+ 18

(
x2 +

4
x2

)
− 16

(
x − 2

x

)
− 102 = 0

t = x − 2
x

=⇒ t2 = x2 − 4 +
4
x2

=⇒ x2 +
4
x2

= t2 + 4

=⇒ t3 = x3 − 6x +
12
x

− 8
x3

=⇒ x3 +
8
x3

= t3 + 6t

4
(
t3 + 6t

)
+ 18

(
t2 + 4

)
− 16t − 102 = 0

t1 = −3, t2 = −5
2
, t3 = 1

x − 2
x

= −3 =⇒ x2 + 3x − 2 = 0

=⇒ x1,2 =
−3 ±√

17
2

x − 2
x

= −5
2

=⇒ 2x2 + 5x − 4 = 0

=⇒ x3,4 =
−5 ±√

57
4

x − 2
x

= 1 =⇒ x2 − x − 2 = 0

=⇒ x5 = −1, x6 = 2.

�
�
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� �� � ������ ���� ��� ����� ���� ����� �����

x7 − 3x6 + 2x5 + 5x4 + 10x3

+ 16x2 − 96x + 128 = 0.

�	
��
�	
�

x7 − 3x6 + 2x5 + 5x4 + 10x3

+ 16x2 − 96x + 128 = 0.

(x7 + 128) − 3x(x5 + 32)

+ 2x2(x3 + 8) + 5x3(x + 2) = 0

(x + 2)(x6 − 2x5 + 4x4 − 8x3 + 16x2 − 32x + 64)

− 3x(x + 2)(x4 − 2x3 + 4x2 − 8x + 16)

+ 2x2(x + 2)(x2 − 2x + 4) + 5x3(x + 2) = 0

(x + 2)(x6 − 5x5 + 12x4 − 19x3

+ 48x2 − 80x + 64) = 0

x1 = −2

x6 − 5x5 + 12x4 − 19x3

+48x2 − 80x + 64 = 0
∣∣ : x3

x3 − 5x2 + 12x − 19 +
48
x

− 80
x2

+
64
x3

= 0(
x3 +

64
x3

)
− 5
(
x2 +

16
x2

)
+ 12

(
x +

4
x

)
− 19 = 0

t = x +
4
x

=⇒ t2 = x2 + 8 +
16
x2

=⇒ x2 +
16
x2

= t2 − 8

=⇒ t3 = x3 + 12x +
48
x

+
64
x3

=⇒ x3 +
64
x3

= t3 − 12t

(t3 − 12t) − 5(t2 − 8) + 12t − 19 = 0

t3 − 5t2 + 21 = 0.
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��https://github.com/technetia/algebraic-
solution-of-polynomial-equations
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